In this paper we propose a general ternary construction of lattices from three rows and ternary codes. Several new extremal unimodular even lattices of dimension 40 are given. Most laminated lattices and Kappa lattices in R n , n ≤ 24 can be recovered from our tenary construction naturally. This ternary construction of lattices can also be used to generate many new "sub-optimal" lattices of low dimensions.
Introduction
How one can arrange most densely in space an infinite number of equal spheres is a classical mathematical problem and a part of Hilbert 18th problem ( [8, 5] ). It is deeply rooted in information theory and physics ( [24, 13, 16] ). The root lattices in Euclid spaces of dimensions 1, 2, 3, 4, 5, 6, 7 and 8 and the Leech lattice of dimension 24 ([8] ) had been proved to be the unique densest lattice sphere packings in these dimensions (see [8, 17, 7] ). For a historic survey we refer to [8] Chapter 1 and [17] . From Voronoi's theory ( [17, 23] ), there are algorithms to determine the densest lattice sphere packings for all dimensions. However the computational task for dimensions n > 9 is generally infeasible. Laminated lattices in R n , n ≤ 24, were known from the work of A. Korkine, G.Zolotareff in 1877, T. W. Chaundy in 1946 and J . Leech in 1967 ([8] , page 158-159, [15, 17] ). In 1982 J. H. Conway and N. J. A. Sloane calculated all densities of laminated lattices up to dimension 48 ( [9] ). The n dimensional laminated lattice, 1 ≤ n ≤ 24 and n = 11, 12, 13, is the only known densest lattice sphere packing in R n ( [8] , page 15). The known densest lattice in R n , n = 11, 12, 13 is the Kappa lattice K 11 , the Coxeter-Todd lattice K 12 and the Kappa lattice K 13 ([8] , page 15).
In this paper we propose a construction of lattices from ternary codes. By using the [20, 10, 6] 3 self-dual ternary codes ( [21] ), we give several new extremal unimodular even lattices of dimensions 40. The ternary construction recovers the known densest lattices including the Leech lattice Λ 24 , the Coxeter-Todd lattice K 12 , the Barnes-Wall lattice Λ 16 , the laminated lattice Λ 15 , the Kappa lattice K 11 , the laminated lattice Λ 10 , the laminated lattice Λ 14 , the laminated lattice Λ 22 , the laminated lattice Λ 23 , and one of the laminated lattice Λ 26 of dimension 26 naturally. Many Kappa lattices can also be recovered from our ternary construction naturally. We generate some new "sub-optimal" low dimensional lattices from this ternary construction.
For a packing of equal non-overlapping spheres in R n with centers x 1 , x 2 , ..., x m , ...., the packing radius ρ is ] + 2 and an unimodular even lattice with the equality is called an extremal unimodular even lattice. Though it is well-known that for dimensions n ≥ 32 and n ≡ 0 mod 8, there are millions of extremal unimodular even lattices ( [14] ) of dimension n, there are only very few structure constructions of extremal even unimodular or modular lattices (for example see [2] ). We refer to [18] for the extremal unimodular even lattices of dimension 32 and [3, 19, 18] , [8] page 221 for the extremal even unimodular lattices of dimension 40.
Let q be a prime power and F q be the finite field with q elements. A linear (non-linear ) error-correcting code C ⊂ F n q is a k dimensional subspace(or a subset of M vectors). For a codeword x ∈ C, the support Supp(x) of x is the set of positions of non-zero coordinates. The Hamming weight wt(x) is the number of elements in the support of x. The minimum Hamming weight(or distance) of the linear (or non-linear) code C is defined as d(C) = min x =y,x,y∈C {wt(x − y)}. We refer to [n, k, d] q (or (n, M, d) q ) code as linear (or non-linear)code with length n, distance d and dimension k (or M codewords). For a binary code C ⊂ F n 2 the construction A ( [8] ) leads to a lattice in R n . The lattice L(C) is defined as the set of integral vectors x = (x 1 , ..., x n ) ∈ Z n satisfying x i ≡ c i mod 2 for some codeword c = (c 1 , ..., c n ) ∈ C. This is a lattice with the center density
. This construction A gives some best known densest lattice packings in low dimensions(see [8] ). For a (n, M, d) non-linear binary code, the same construction gives the non-lattice packing with center density
. Some of them are the known best sphere packings (see [8] ) or have presently known highest kissing numbers. The known densest packing (non-lattice) in dimension 10 with center density 5 128 is from non-linear binary (10, 40, 4) code found by M. R. Best in 1980 ( [8] ). The non-lattice packing P 11a in R 11 with the center density 9 256 and the kissing number 566 is constructed from a non-linear binary (11, 72, 4) code ([8] , page 139).
The main construction
Lemma 2.1. Let L be a dimension r lattice in R n with the volume vol(L) and the center density δ(L). Let E be the dimension 2r lattice in
Proof. It follows from Theorem 4 in page 166 of [8] directly.
Let p be a prime number. For a lattice L ⊂ Z n we define the the linear code C L,p over the finite field F p as the image of the natural mapping L/pZ n L −→ F n p .
Theorem 2.2. Let L ⊂ Z n be a dimension r lattice with minimum norm 2. Suppose 3Z n L = 3L. If there exists a ternary [n, k, 6] 3 code C (over F 3 ) which is in the ternary code C L, 3 . Then we have a lattice sphere packing of dimension 2r with the minimum norm 36 and the volume vol(L) 2 · 3 5r 2 −k .
Its center density is
It is easy to check C ′ is in the image of the natural mapping
Let T(C) be the pre-image of the ternary code C ′ .
We consider the lattice sphere packing of rank 2r in R 3n defined by T(C). This lattice is the union of 3 k translates of the lattice sphere packing 3E. We want to prove that the minimum distance of any two points in different translates is at least √ 36. Then the conclusion follows directly.
The residue class module 3 in F 3n 3 of the difference (y 1 , y 2 , y 3 ) (where y i = (y i 1 , ..., y i n ) τ ) of any two vectors in different translates is of the form (c, c, c).
, is a codeword in the ternary code C. Thus the minimum norm of the difference is at least 18. However if we look at each row component (c i , c i , c i ) for the nonzero c i . The corresponding integers (y 1 i , y 2 i , y 3 i ) have to satisfy y 1 i + y 2 i + y 3 i = 0 over Z. Therefore for each non-zero c i we have at least one ±2 in (y 1 i , y 2 i , y 3 i ). The minimum norm of (y 1 , y 2 , y 3 ) is at least 18 + (6 − 3)wt(c) ≥ 36. The conclusion is proved.
The lattice D n = {(x 1 , ..., x n ) : x 1 + · · · + x n ≡ 0 mod 2} can be used in Theorem 2.2 and we get the following result. It is easy to check that the lattice constructed in Theorem 2.2 is always an integral even lattice. Theorem 2.2 can be used to recover the lattice E 8 as follows. Let C be the ternary [8, 2, 6] 3 code with the following generator matrix.
Let L ⊂ Z 8 be the dimension 4 lattice defined by A · x = 0 where A is the the following integer matrix. Then the volume of the lattice L is 4 from Theorem 4 in page 166 of [8] . The minimum norm of the lattice L is 2. The center density of the lattice is δ(L) = Similarly we have the following results.
Corollary 2.4. Let L ⊂ Z n be a dimension r lattice with minimum norm at least 1. Suppose 3Z n L = 3L. If there exists a ternary [n, k, 3] 3 code C (over F 3 ) which is in the ternary code C L,3 . Then we have a lattice sphere packing of dimension 2r with the minimum norm at least 18 and the volume 3
3 The recovery of the lattice Λ 10 , the Kappa lattice K 10 and the Martinet lattice K
Let C be the ternary [8, 2, 6] 3 code with the following generator matrix.
Let L ⊂ Z 8 be the dimension 5 lattice defined by A · x = 0 where A is the the following integer matrix. Then the volume of the lattice L is 4 from Theorem 4 in page 166 of [8] . The minimum norm of the lattice L is 2. The center density of the lattice is δ(L) = 1 2 4.5 . We can check that the ternary code C is in the ternary code C L,3 directly. Thus from Theorem 2.2 we get a lattice sphere packing T 10 of dimension 10 with the center density
The kissing number k 1 (T 10 ) = 3(2+2+12)+4·3+4·3·2+4·3·6+4·3+4(4+ 4 · 2) + 4 · 5 · 6 = 336 can be computed directly from the above construction. The number of second layer lattice vectors k 2 (T 10 ) = 48 + 288 + 432 = 768 can also be computed similarly. From the recovery of the lattice E 8 in the section 2 it can be proved that the lattice T 10 is just the laminated lattice Λ 10 of dimension 10. As far as our knowledge it seems that this is the first construction of the laminated lattice of dimension 10 from a ternary code. By equating two column coordinates we get the Kappa lattice K 9 ( [18] ) with the center density 1 
16
√ 3
and the kissing number 198.
It is easy to check that the following vector X is in the real space spanned by the lattice T 10 and the the distance of X to any lattice vector in T 10 is at least 6.
The lattice generated by X and the lattice T 10 is a lattice with the center density 1 32 and the kissing number 336 + 2 · (4 · 3 · 3 + 15) = 438. This construction is actually based on a ternary [8, 3, 4] 3 code. This is the lattice
The Kappa lattice K 10 can be recovered easily as follows. Let C be the trivial [6, 1, 6] 3 ternary code generated by (1, 1, 1, −1, −1, −1) and L ⊂ Z 6 defined by x 1 +· · ·+x 6 = 0. Then from Theorem 2.2 we get a 10 dimensional lattice with the center density 9 · 2 · 3) = 276. This 10 dimensional lattice is the Kappa lattice K 10 . If C is the trivial [6, 1, 6] 3 ternary code generated by (1, 1, 1, 1, 1, 1) and L ⊂ Z 6 is the 5 dimensional lattice defined by x 1 + · · · + x 6 =, from Theorem 2.2 we get a 10 dimensional lattice with the same center density 1 
18
. Its kissing number is 90 + 2 · 15 · 6 = 270. This is the Martinet lattice K ′ 10 ( [17] , page 290).
The recovery of the Coxeter-Todd lattice
Let C be the ternary [9, 3, 6] 3 code with the following generator matrix.
Let L ⊂ Z 9 be the dimension 6 lattice defined by A · x = 0 where A is the the following integer matrix. . We can check that the ternary code C is in the ternary code C L,3 directly. Thus from Theorem 2.3 we get a lattice K 12 of dimension 12 with the center density 
We can get an isometry to the Coxeter-Todd lattice K 12 by Magma.
For each norm 36 lattice vector V in K 12 , it is easy to verify that there are 270 norm 36 lattice vectors in the above K 12 which is orthogonal to V. This property can aslo be checked from the list of minimum norm 4 lattice vectors in page 128 of [8] .
If we use the 5 dimensional lattice L ⊂ Z 8 defined by A · x = 0 where A is the following matrix and the kissing number 276. The distance of the following vector X in the space spanned by the lattice K 10 to any lattice vector in K 10 is at least √ 27 + 9 = 6.
In the teranry code C ′ , there are four Hamming weight 3 codewords, 8(inC) + 12(outsideC) + 2(3rd − row) Hamming weight 6 codewords.
The lattice generated by X, Y and K 10 is the 12 dimensional CoxeterTodd lattice K 12 again. Its volume is 18 15 and the minimum norm is 36. Its center density is 1 27 and its kissing number is 756 = 276 + 6(3 · 3 · 3 + 3 · 3 · 3 + 2 · 2 · 6) + 6 · 2. Here 276 is the kissing number of the lattice K 10 , the two 3 · 3 · 3's correspond to the half of the 12 Hamming weight 6 outside codewords. Here we should note that the 3rd row lead to no norm 36 lattice vectors. The last 2 · 6 · 2 corresponds to the half of the four Hamming weight 3 codewords in C ′ . The construction of K 12 is similar to the construction of Λ 14 in section 8.
The gram matrix of the lattice K 12 is as follows. −18 −9 −9 −9 9 54 27 −9 −9 18 9 9 −18 −9 −9 −9 9 27 54
By Magma we can get an isometry to the Coxeter-Todd lattice K 12 .
The recovery of the Barnes-Wall lattice
Let C be the following [8, 4, 3] 3 ternary code with the following generator matrix. We consider the 16 vectors of the form 0, 
non-zero codeword with Hamming weight 3 or 6 in the above [8, 4, 3] 3 ternary code, the Euclid norm of the differences of this V to the seven vectors 0, X 1 , ..., X 7 are at least The following is a base of the lattice T 16 . We can get an isometry to the Barnes-Wall lattice Λ 16 by Magma. 
2 ), and
. We want to prove that the union of the four tanslates
is a lattice with the volume 3 24 and the minimum norm 36. It is easy to check this is a lattice T 24 with volume 3 24 since 2X i ∈ T ′ 24 . Here we can verify that the vector x can be replaced by any vector with odd numbers of The only remaining point is to determine the minimum norm of the lattice T 24 . Here we check that the Euclid norm of each vector in the translate X 1 +T ′ 24 is at least 36. It is clear that the Euclid norm of vectors in X 1 +3E is at least 54. For any vector V ∈ T ′ 24 with its residue class equal to a Hamming weight 6 codeword in the [12, 6, 6] 3 extended ternary Golay code, the Euclid norm of X 1 − V is at least 6 · (
, where the Hamming weight of the residue classes of all v i 's is 9, there have to be at least one ±2 in each v i since v i is in D 12 (see Corollary 2.3 and the construction in Theorem 2.2) or at least one ±3 at the last column, the Euclid norm of X 1 −V is at least 3·( 8]) this is the Leech lattice. This can also be proved simply from the celebrated theorem of [7] . Now the kissing number k 1 (T 24 ) of the lattice can be calculated directly from our construction. The minimum norm of the lattice T ′ 24 is µ(T ′ 24 ) = 36. The set of norm 36 lattice vectors in T ′ 24 is of the form 3y, where y is a norm 4 lattice vector in E (first kind), or of the form (y 1 , y 2 , y 3 ), where each y i mod 3 is a codeword of Hamming weight 6 in the ternary [12, 6, 6] We now calculate the number of the Euclid norm 36 vectors in the translate X 1 + T ′ 24 . From the argument as above we know that these vectors are of the form X 1 − V, where V = (v 1 , v 2 , v 3 ), the residue class module 3 of each v i is a Hamming weight 6 codeword (first kind), or the residue class of each v i is a Hamming weight 9 codeword(second kind) or the residue class module 3 of each v i is a Hamming weight 12 codeword (third kind). Each first kind vector in X 1 + T ′ 24 can be divided to two parts, one part is the positions supporting the coordinates ±1 of the corresponding Hamming weight 6 codeword, and another part is the positions supporting the coordinate 0 of the corresponding Hamming weight 6 codeword. The first part is always of the form
2 , where v ′ 3 is the Hamming weight 6 codeword (considered as an integral vector). The second part only have ± It is well-known that the Leech lattice can be constructed from the extended [12, 6, 6] 3 ternary Golay code and a lattice over the ring of the Eisenstein integers ( [8] , page 200). We do not know the relation between our this construction and that number-theoretic construction. In both constructions the ternary Golay code is a main ingredient.
From some normal vectors, the 23 dimensional laminated lattice Λ 23 can be constructed similarly. 2 ), and X 1 = (x, −x, 0), X 2 = (−x, 0, x), X 3 = (0, −x, x). As argued in the previous section the union of the four trans-
It can be verified similarly as the previous section that the kissing number of the lattice
It is well-known that there is an unique integral even lattice of dimension 26 with the determinant 3 and the minimum norm 4 ( [8, 1] ). This lattice is also one of the known densest (laminated) lattice of dimension 26 ([8] , page xix). This lattice can be constructed naturally from our main result Theorem 2.2 and the ternary [13, 6, 6] 3 code.
We consider the [13, 6, 6] Let t = (0, 0, We construct a new 14 dimensional lattice T 14 in the 14 dimensional Euclid space R 14 ⊂ R 9 ⊕ R 9 ⊕ R 9 with real coordinates (x ij ) 1≤i≤3,1≤j≤9 , where x 1j + x 2j + x 3j = 0 for each j = 1, ..., 9 and x i1 + x i2 − x i7 − x i8 = 0, x i3 − x i4 − x i5 + x i6 = 0 for i = 1, 2, 3. The lattice T 14 is the linear span with integer coefficients of the lattice vectors in W 12 and the following two vectors X and Y. 1) , (m, n) = ±(1, −1), (m, n) = ±(2, 1), (m, n) = ±(1, 2) or (m, n) = ±(2, 2). In the last case it can be checked that the Euclid norm of the difference is at least 24+30 = 54. In the first three cases the conclusion follows from Lemma 8.1 and Lemma 8.2 directly. In the last three cases the component of the difference vector mX + nY − V at position 9 is of the form ( √ 3, −2 √ 3, √ 3) (or equivalent other forms) and its Euclid norm is 18. The component of the difference vector mX + nY − V at the positions (12345678) is U 1 − U 2 = (t, −2t, t). It is easy to check that the Euclid norm of the difference of (t, −2t, t) to any lattice vector in the lattice W 12 is at least 18. The conclusion is proved.
The volume of the lattice T 14 is 3 13 · 16 · √ 6 · . The kissing number of the lattice T 14 can be calculated as follows.
Only the number of Euclid norm 36 lattice vectors of the form mX + nY − V in T 14 , where (m, n) = (0, 0) and V ∈ W 12 , need to be counted.
In the case the component of the difference vector mX + nY − V at the 9 position is of the form ( √ 3, − √ 3, 0) (or equivalent form), the norm of the (12345678) component is 30. Here (m, n) = ±(1, 0), ±(0, 1), ±(1, 1).
1) For the vector T − V whose residue class res(T − V) equal to a Hamming weight 5 codeword in the ternary code C ′ , there are two cases. The first case is that the support of res(T + V) has three elements in the positions {1, 2, 7, 8} and the second case is that the support of res(T + V) has three elements in the positions {3, 4, 5, 6}. In the first case, there are 4 · 6 · 2 choices when the vector T is changed to another vector whose residue class is a Hamming weight 5 codeword by adding a lattice vector V. In the second case there are 4 · 3 · (3 · 2 + 1) choices when the vector T is changed to another vector whose residue class is a Hamming weight 5 codeword.
2) For the vector T − V whose residue class res(T − V) equal to a Hamming weight 8 codeword in the ternary code C ′ . There are 3 + 3 · 4 choices if the the T is changed to a vector whose residue class is a Hamming weight 8 codeword by adding a lattice vector V.
If the component of the difference vector mX + nY − V at the 9 position is of the form (
, the norm of the (12345678) component is 18. Here (m, n) = ±(1, −1), ±(1, 2), ±(2, 1) and we should note 3T ∈ W 12 .
3) There are 4 · 3 choices when the vector (t, −2t, t) is added by a lattice vector whose residue class module 3 is a Hamming weight 6 codeword in C, since there are 8 Hamming weight 6 codewords in C and 4 of them lead to the norm 36 vectors.
4) There are 6 choices if the the vector(t, −2t, t) is added by a lattice vector of the form 3y. The 6 choices are ±( The Gram matrix of the lattice T 14 (with repect to one base) is as follows. 
There is a 13 dimensional lattice with the center density
and the kissing number 726. There is a family of 14 dimenisonal lattices T 14,t with the kissing number k 1 (T 14,t ) = 432 and the center density tending to
Proof. The 13 dimensional lattice can be generated by W 12 and the vector X. If we adjust √ 3 in the X and Y to a little bigger real number and set them tending to √ 3 we get the family of the 14 dimensional lattices.
From the above Gram matrix we can get an isometry to the lattice Λ 14 by Magma.
The following is a simpler recovery of the 14 dimensional lattice Λ 14 .
Let C be the following [8, 3, 3] 3 ternary code with the following generator matrix. There are 4 Hamming weight 3 codewords ± (1, 1, 1, 0, 0, 0, 0, 0) , ±(0, 0, 0, 0, 1, 1, 1, 0) and 22 Hamming weight 6 codewords in C. Among these 22 codewors of Hamming weight 6, 10 of them are symmetric, these are ± (1, 1, 1, 0, − 1, −1, 1, 0) and the eight non-zero codewords of the [8, 2, 6] 3 code generated by the first two rows, the other twelve codwords of Hamming weight six are not symmetric because the 2rd rows are invovled. Here we should note that (0, 0, 0, 1, 0, 0, 0, −1) is in the dual code of C. We consider the 16 vectors of the form 0,
These vectors are in the real space sapnned by the lattice S ′ 14 . The union of the sixteen translates of the above lattice S ′ 14 is a lattice S 14 with the volume
Theorem 8.5. The minimum norm of the lattice S 14 is 18.
Proof. Similar to the proof of Theorem 51.
Thus we get a 14 dimensional lattice S 14 with the center density .
By using a base we can get an isometry to the laminated lattice Λ 14 from Magma.
9 New 40 dimensional extremal unimodular even lattices Proposition 9.1. Suppose there is a self-dual ternary [n, n n , 6] 3 code C. Let W n be the lattice from theorem 2.2 by using the ternary code C and the lattice D n . The 1 3 W n is an integral even lattice with the center density 1 4 and minimum norm 4. This is obvious from Corollary 2.3.
It is well-known that there are six [20, 10, 6] 3 self-dual ternary codes with the weight distribution A 6 = 120, A 9 = 4360, A 12 = 26280, A 15 = 25728 and A 18 = 2560 ( [21] ). All these codes can be generated by the Hamming weight 6 codewords ( [21] , check the generator matrices in the paper). We have an integral even lattice W(C) 40 with the kissing number k(W 40 ) = 20·19·2·3+120·183 = 24240 from Proposition 8.1 and each ternary self-dual [20, 10, 6 ] 3 code C in [21] . By using the following four translates of the lattice W(C) 40 , we get an unimodular even lattice T(C) 40 of minimum norm 4 naturally. Let x = ( Proof. It is obvious the lattice W(C) 40 is generated by the minimum norm vectors, since the ternary self-dual [20, 10, 6] 3 code is generated by the Hamming weight 6 codewords. It is obvious that the 3 vectors X 1 , X 2 and X 3 can be represented as the integral coefficient linear combinations of the minimum norm lattice vectors arising from the weight 18 codewords and the minimum norm lattices vectors of the form 3y. Then the first conclusion follows directly. The second conclusion is obvious. Theorem 9.3. If two extremal unimodular even lattices of dimension 40 T(C) 40 and T(C ′ ) 40 are isomorphic, then the two ternary self-dual [20, 10, 6 ] 3 codes C and C ′ are isomorphic. Since the Mckay extremal unimodular even lattice ( [8] , page 221) and the Ozeki extremal unimodular even lattices ( [19] ) of dimension 40 are not generated by the minimum norm lattice vectors, the extremal unimodular lattices in Theorem 9.3 are not the same as Mckey and Ozeki lattices. The only two known extremal unimodular even lattices of dimension 40 which are generated by the minimum norm lattice vectors are the lattice of Calderbank and Sloane ( [3] ) and the lattice of G. Nebe ([18] ). Thus we have at least four new extremal unimodular even lattices of dimension 40. We speculate that all these 6 extremal unimodular even lattices of dimensions 40 are new if their automorphism groups could be figured out.
Some other easy lattices
From a similar construction of T 10 and T 12 , by using the ternary [10, 4, 6 ] 3 code we can get a 18 dimensional lattice T 18,1 with the center density 1 
10
and the kissing number 3 · 10 · 9 + 18 · 6 · 6 + 42(3 + 3 · 2 · 3 · 3 + 3 · 3 · 2 · 2) = 5796. This lattice has the same center density as the "physical" lattice dim18kiss5820min4det300 in [18] found by Y. Kallus ([13] ) but with a smaller kissing number. From the [11, 5, 6] 3 ternary code (the weight distribution A 0 = 1, A 6 = 132, A 9 = 110) and two disjoint codewords of Hamming weight 5 and 6 in its dual, a 18 dimensional lattice T 18,2 with the center density
and the kissing number 3(5 · 4 + 6 · 5) + 42 · 36 + 90 · 45 = 150 + 1512 + 4050 = 5712 can be constructed. This lattice has the same center density as the lattice dim18kiss5820min4det300 in [18] found by Y. Kallus ([13] ), but with a smaller kissing number. From the ternary [11, 5, 6] 3 ternary code a 20 dimensional lattice T 20 with the center density 1 11 can also be constructed. These lattices are worse than the Kappa lattices K 18 and K 20 .
From the [9, 3, 6] 3 ternary code in section 4 we can get a 14 dimensional lattice with the center density and the kissing number 1242 ( [20, 18] ) can also be constructed similarly. Actually from any two disjoint codwords with Hamming weight three and Hamming weight six in the dual code such a 14 dimensional lattice can be constructed. It seems they are all isomorphic to the Kappa lattices of dimension 14. If we use three codewords in the dual of the ternary [10, 4, 6] can be constructed. This lattice would have a "smaller" kissing number. We guess that it is not one of the Kappa lattices of dimension 14. If we use three codewords in the dual of the ternary [10, 4, 6] can be constructed. It is worser than the laminated lattices and the Kappa lattices of dimension 14, however it is certainly better than the "physical" lattice dim14kiiss774min8det25021632 found by Y. Kallus ([13] ) in [18] .
From the [8, 2, 6] 3 ternary code used in section 3 we can get a 12 dimensional lattice S 12 with the center density 1 36 and the kissing number 456 can be constructed. This lattice is worser than the Laminated lattices of dimension 12 and the Coxeter-Todd lattice, but better than the " physical" lattice dim12kiss462min8det5619712 in ( [13] , [18] ). By eqauting two column coordinates we have a 11 dimensional lattice S 11 with the center density . It is as dense as the Kappa lattices K 15 in [20, 18] . However this lattice is not K 15 since it is a sub-lattice S 16 . If we use two disjoint codewords of Hamming weight 5 in the dual of the ternary [10, 4, 6] 3 code we get a 16 dimensional lattice with the center density 1 25 and the kissing number 2712. The density of this lattice is slightly smaller than the "physical" lattice dim16kiss2400min6det390625 ( [13, 18] ).
By using the ternary [11, 5, 6 ] linear code we can get a 22 dimensional lattice with the center density 
is defined by the following conditions. 1) Proof. If we use the parity check matrix for the third condition, it is clear the volume of the lattice L ′ 10 is 3 2.5 · 3 4−2 · 2 4 · 10 = 160 · 3 4.5 .
For any lattice vector
3 , then the norm of each non-zero column of V is at least 6, and when the norm of a non-zero column is 6, this column is ±(1, 1, −2) τ or their permuatations. If the norm of a non-zero column of V is not of this form, the norm is at least 24. In the case that the non-zero columns of V are of the form ±(1, 1, −2) τ or their permuatations, from the second condition we have at least two such columns. Thus the norm of V is at least 12. . The norm of the part of the last ten columns is at least 2 · 10 = 20. Otherwise we have at least 2 · 3 non-zero columns in the part of the first eight columns, the norm of this part is at least 2 · 6 = 12.
Let X be the following vector in the real space spanned by the lattice
Theorem 11.1. The volume of this 2n dimensional lattice L 2n is 3 3n/2−k+1 and the minimum norm of this lattice is 12. The kissing number is n 2 · 18 + 243A 6 , where A 6 is the number of Hamming weight 6 codewords in C.
Proof. If we use the parity check matrix for the third condition, it is clear the volume of the lattice L 2n is 3 n/2 · 3 · 3 n−k .
Type 1) For any lattice vector V = (v ij ) 1≤i≤3,1≤j≤n , ∈ L 2n , if (v 11 − v 21 , ...., v 1n − v 2n ), mod 3 is a zero codeword in C, then the norm of each non-zero column of V is at least 6, and when the norm of a non-zero column is 6, this column is ±(1, 1, −2) τ or their permuatations. If the norm of a non-zero column of V is not of this form, the norm is at least 24. In the case that the non-zero columns of V are of the form ±(1, 1, −2) τ or their permuatations, from the second condition we have at least two such columns. Thus the norm of V is at least 12.
Type 2) If (v 11 − v 21 , ...., v 1n − v 2n ), mod 3 is a non-zero codeword in C, there are at least six non-zero columns in V, since the norm of each non-zero column is at least 2, the norm of this lattice vector L 2n is at least 12.
Now we count the norm 12 lattice vectors in this lattice L 2n , it is clear there are n 2 · 9 · 2 type 1) norm 12 lattice vectors in L 2n . Each norm 12 type 2) lattice vector in L 2n consists of six columns of the form ±(1, −1, 0) τ or their permutations, the positions of these six non-zero columns correspond to the support set of a Hamming weight 6 codeword in the ternary code C. From condition 2) and 3) and the property that the sum of all coordinates of each codeword in C is zero, the sum of each row of any attice vector in L 2n can be divided by 3. Thus each Hamming weight 6 codeword consists of six ±1's or three +1's and three −1's. Without loss of generality we treat the case of six +1's. For each type 2) norm 12 lattice vector in L 2n such that the difference of the first row and the second row is a codeword in C consisting of six 1's, we count the number of such norm 12 lattice vectors.
2A) There are two ±1's in the first row we have −1, 0, 0, 0, 0) , we want the difference of the first row and the second row is (1, 1, 1, 1, 1, 1) , then the second row has to be (0, 1, −1, −1, −1, −1). The same analysis for the first row (−1, 1, 0, 0, 0, 0). 2B) There are three ±1's in the first row we have (1, 1, 1, 0, 0, 0) , we want the difference of the first row and the second row is (1, 1, 1, 1, 1, 1) , then the second row has to be (0, 0, 0, −1, −1, −1). The same analysis for the first row (−1, −1, −1, 0, 0, 0). 2C) There are four ±1's in the first row we have is (1, 1, −1 − 1, 0, 0) , we want the difference of the first row and the second row is (1, 1, 1, 1, 1, 1) , then the second row has to be (0, 0, 1, 1, −1, −1). The same analysis for the first row (−1, −1, 1, 1, 0, 0) . 2D) There are five ±1's in the first row we have (1, 1, 1, 1, −1, 0) , we want the difference of the first row and the second row is (1, 1, 1, 1, 1, 1) , then the second row has to be (0, 0, 0, 0, 1, −1). The same analysis for the first row (−1, −1, −1, −1, 1, 0). 2E) There are six ±1's in the first row we have 1, 1, 1, −1, −1, −1) , we want the difference of the first row and the second row is (1, 1, 1, 1, 1, 1) , then the second row has to be (0, 0, 0, 1, 1, 1). If the first row is (1, 1, 1, 1, 1, 1) , the second row has to be (0, 0, 0, 0, 0, 0). The same analysis for the first row (−1, −, 1−1, 1, 1, 1). 2F) There is no non-zero entry in the first row we have 2 such vectors. The second row has to be − (1, 1, 1, 1, 1, 1) , the third row has to be ± (1, 1, 1, 1, 1, 1) . We have one such norm 12 type 2) lattice vectors.
Totally there are 30 + 40 + 90 + 60 + 22 + 1 = 243 such type 2) norm 12 lattice vectors for each Hamming weight 6 codeword in C. Thus the kissing number of the lattice L 2n is n 2 · 9 · 2 + 243A 6 .
When n = 6, we construct a 12 dimensional lattice L 12 with the center density and the kissing number of L 18 is 648+243·24 = 6480. This is the Kappa lattice K 18 ([18] ). When n = 10, the center density of the 20 dimensional lattice L 20 is When n = 11, we construct a 22 dimensional lattice with the center density Remark. Actually the condition that the sum of all coordinates of the ternary code C is zero is not necessary. The resulted lattice has the same kissing number and the same volume. We guess these lattices are isometry to the lattices constructed in Theorem 11.1.
